Abstract. Bothhigh-temperature andlowtemperature series are used to locate and characterize the bt-order transition in the %state Potts model in (2t1) dimensions on both square and trianylar lattices. Estimates are presented for the vacuum energy, latent heat, magnetization, susceptibility and maus gap at the transition. The spontaneous magnetization and latent heat appear to display an 'approximate universality' at this weak first-order transition.
Introduction
There has recently been a resurgence of interest in the three-dimensional 3-state Potts model. I t is commonly thought to undergo a weak first-order phase transition, but this was brought into some question when the APE collaboration (Bacilieri et al 1988) performed a large Monte Carlo simulation of the SU(3) gauge theory at finite temperature, which ought to he in the same universality class as the Potts model. They found a large correlation length, increasing with lattice size, which appeared to indicate a second-order transition. The Columbia group (Brown el Q/ 1988), on the other hand, found that the SU(3) transition was indeed first-order. , which have concentrated particularly on the correlation length, and the finite-size scaling behaviour of the system. They conclude that the correlation length remains finite though large at the transition point, so that the transition is confirmed as being first-order.
In the present work we use series methods to study the quantum Hamiltonian version of the 3-state Potts model in (2 + 1) dimensions. Series have previously been calculated for the Euclidean version of the model by Ditzian and Oitmaa (1974) , Enting (1974) , Straley (1974) , Kim and Joseph (1975) and Miyashita el a l (1979), hut they reached no definite conclusion as to the order of the transition. A first-order transition is difficult to characterize, or even detect, using either high-temperature (HT) series or low-temperature (LT) series alone. It is better to use both high-temperature and low-temperature series simultaneously to locate the transition, by means of a 'pincer' strategy. This technique was recently used by Guttmann and Enting (1990) for the Euclidean model, and we use it again here. The only previous study of the Hamiltonian model which we know of is that of Hamer e l a/ (1990, hereafter referred to as I), which used high-temperature series combined with a Monte Carlo simulation to locate the transition. The methods we use are reviewed briefly in section 2, and the series analysis is presented in section 3. Our conclusions are summarized in section 4. Estimates are given for the transition point, the spontaneous magnetization, the latent heat, and the m w gap at the transition. Expressed in percentage terms, the spontaneous magnetization and the latent heat appear to be remarkably similar for the Hamiltonian model on the square lattice and the triangular lattice, and for the Euclidean model. We speculate that this 'approximate universality' at a first-order transition may be connected with the weakness of the transition, so that the correlation length at the transition, though finite, is very large, and washes out the microscopic details of the interaction. The behaviour of the mas6 gap is also discussed. where i labels the sites on a twwdimensional spatial lattice, (ij) denotes nearestneighbour pairs of sites, and X is the coupling (corresponding to the inverse temperature in the Euclidean formulation).
In this paper, we derive the complementary low-temperature series expansion for the model, where the corresponding Hamiltonian is where N is the number of iattice sites.
There are two sectors of excited states in the model, symmetric and antisymmetric, respectively, under a spin-parity transformation. The lowest excited state in each sector is a single site excitation, in both the HT and LT phases. In the high-temperature series expansion the two states have the same eigenvalues FS and FA, but in the lowtemperature expansion the two states differ, except in the limit of A' = 0.
i n e low-bemyeracure series exyarrsions LOT mt. IIIVUCI i i a v r UCCLI VUWLLLCU U U L~ Nickel's cluster expansion method (1980) . The necessary techniques were reviewed recently by He et al (1990) , and will not be repeated here. In these calculations, the first term in 
Series analysis
Series have been calculated for the ground-state energy per site E O / N , the magnetization MO, the susceptibility x , and the symmetric and antisymmetric lowest-lying excited state eigenvalues F S ; F A on both the square lattice and the triangular lattice. For the ground-state energy and its derivatives, a l i t of 502 linked clusters (up to 10 sites) for the square lattice or 2129 linked clusters (up to 10 sites) for the triangular lattice was required. The energy gap involved 528 clusters (up to 9 sites) for the square lattice or 1480 clusters (up to 9 sites) for the triangular lattice, both linked and unlinked. The calculation occupied some 120 hours of CPU time for the square lattice and 400 hours of CPU time for the triangular lattice on an IBM3090. The resulting series for this model on the square and triangular lattices are listed in tables 1 and 2. The analysis of these series was carried out as follows. Firstly, we have performed a standard Dlog Pad6 analysis (Guttmann 1989) of the series for the derivative of the ground-state energy per site, magnetization, susceptibility, and mass gap, as for a model with a normal second-order phase transition. The results are exhibited in table 4 together with the those from the high-temperature expansion series obtained in reference I. The Dlog Pad6 analysis did not give a very good result for the case of the susceptibility series on the triangular lattice, but a significant improvement was gained by using second-order confluent differential approximants (Guttmann 1989 It can be seen that the apparent second-order critical points derived from the magnetization, susceptibility, and mass gap series are in almost perfect agreement with one another in every case, so we assume henceforth that they are the same for each different quantity. Table 4 also shows that the apparent critical indices appear to be universal between the square and the triangular lattice. However, the critical points derived from the HT and LT series, A," and A," respectively, 'cross over' each other by a small but significant amount, of order 2%, which is several times bigger than our expected error. If the transition were really second-order, the two results should agree. This provides the first signal that the system actually undergoes a first-order transition, located somewhere in between the two pseudocritical points A? and A, ". Next, we have used the high-temperature and low-temperature series directly to from the high-and low-temperature limits respectively. An obvious way to do this would be to calculate Pad6 approximants to each series; but Pad& approximants are best suited to functions whose only singularities are simple poles, whereas the functions we are interested in have cuts at the spinodal pseudo-critical points, characterized by the parameters given in (3.2) near a singular point zO, which is well suited to our requirements. At a given order, one determines the polynomials P ( z ) , QO(z) and Q 1 ( z ) by matching the series expansions on either side of (3.1) up to the given order. Then the corresponding approximant to f(r) may be found by numerical integration of (3.1). This sort of procedure has been discussed previously by Hunter and Baker (1979) and Liu and Fisher (1989) , and was also used by Guttmann and Enting (1990) in their recent series analysis. Figures 1 and 2 show the results for the ground-state energy per site (figure 1 displays results for a number of different approximants). It can be seen that the hightemperature and low-temperature extrapolations cross each other at a distinct angle, which is again characteristic of a first-order transition. The transition point where the two lines cross is found to be A, = 0.3806(6) (square lattice) A< = 0.2466 (2) (triangular lattice) (3.3) The remaining functions, namely the magnetization, the susceptibility and the mass gap (and also the derivative of the low-temperature ground-state energy), vary rapidly near the transition point because of the nearby pseudo-critical point. It is useful therefore to 'smooth' each of these functions before making the extrapolations (Liu and Fisher 1989), by calculating approximants to the series for (1 -X/X!"))-'f(X) rather than f(A) itself, where A?) and v are the pseudo-critical point and critical index, respectively.
The results are given in tables 5 and 6, and in figures 3-6. The errors arise mainly from the uncertainties in the critical parameters A,, A?) and v in each case. At the transition point given by (3.3) we estimate that:
(i) The derivative of the ground-state energy is discontinuous at this point, as illustrated in figure 3 Thus we estimate the discontinuity or 'latent heat' as 0.42(10) (square lattice) (triangular lattice) .
(3.6)
Some selected values for the ground-state energy and its derivative for the square lattice are also given as functions of coupling X in tables 5 and 6, along with our previous Monte Carlo results (reference I). The series and Monte Carlo estimates are in good agreement.
(ii) The spontaneous magnetization is 0.42(3) (square lattice) 0.42 (2) (triangular lattice) (3.7)
i.e. 42% of the maximum possibiie vaiue for both iattices. Tiis agrees weii with ihe Monte Carlo estimate (reference I) of 43(7)% for the square lattice.
(iii) The susceptibility shows a large discontinuity at A, for both lattices, as given in tables 5 and 6.
(iv) The symmetric mass gap at A, is found to be 0.36(4) !r. 6 t h wc:ds, the m~s gap is .=a!! but finite z? the trzsitinn point, o~e wx!d expect for a weak first-order transition, and our data are consistent, within errors, with the possibility that the symmetric mass gap, a t least, is continuous from the low-temperature to the high-temperature phase. The antisymmetric mass gap, on the other hand, certainly seems to undergo a substantial discontinuity at the phase (2) 0.20 -2.028200 -2.02820 (3) 0.25 -2.045127 (8) (4) 2.7922(4) 2.0427 (10) 3.805(3) 1.731 (6) 5.94(3) 1.36 (1) 13.6(3) 0.87 (2) 39 (5) 0.49 (3) 67 (14) 0.36 (4) 8 ( transition, as shown in tables 5 and 6 (recall that F S and FA are identical in the HT phase).
Summary and discussion
High-temperature and low-temperature series expansions have been obtained for the model on both the square and triangular lattices, and extrapolated to the transition point using integrated differential approximants. The transition point has been taken as the point where the high-temperature and low-temperature extrapolations for the ground-state energy cross over, and our result is: 
0.42(2)
(triangular lattice) Apart from the discrepancy in latent heat referred to above, the results look very much the same. There appears to be at least an approximate 'universality'between the different cases. Now universality is normally expected to hold only at second-order transitions, where the correlation length scale goes to infinity, so that local details of the lattice structure become unimportant. It appears that an approximate form of universality may hold also for a weak first-order transition such as the present one, at which the correlation length, though finite, is very large (of order ten lattice units). One would like to compare the sizes of the mass gaps in the Hamiltonian and Euclidean formulations, hut unfortunately we have no absolute scale of comparison in the Hamiltonian case. The quantum Hamiltonian can always be rescaled by multiplication with an arbitrary constant. In studies of conformal invariance (von Gehlen el a1 1986), this constant is fixed by setting the 'speed of light' in the model equal to unity, but that requires a study of the dispersion relations in the model, which we have not performed.
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